This image is composed entirely of Beta2-spline surfaces, showing the wide range of shapes that can be modeled with the Beta2-spline technique. 62 values for the various objects range from 0 to 30.
Q(U) = (Xi (u), Y1(u) (1) We adhere to the convention of restricting the domain parameter u to the range [0,1]. Thus, Qi(O) is the starting point of the ith segment and Qi (1) is the ending point (see Figure 1) . A Figure 2 .
Surfaces can also be constructed using a blended technique to form what is known as a tensorproduct surface. A single tensor product surfacepatch is described by two variable parameters u and v. In particular, the i, jth such patch is defined as Forpositional continuity of the spline curve, the ending point of the ith segment must match the starting point of the i+ ISt segment. This requirement is not sufficient to make the joint appear to be smooth, however. One could impose continuity of the first and second derivative vectors, but this is overly restrictive. The requirement of continuity of unit tangent and curvature vectors is sufficient for the smoothness of the spline curve. [1] [2] [3] [4] [5] It is not immediately obvious that continuity of the unit tangent vector and curvature vector is less restrictive than continuity 
Continuity
To discuss the continuity of a spline curve at the joints, we introduce the concepts of the first and second derivative vectors. Differentiation of a vector-valued function is performed by standard scalar differentiation on each component of the vector. Thus, for a twodimensional vector function Qi(u), the first derivative vector written in component form is dQi (u) dXi (u) dYi(u) du du du (4) Similarly, the second derivative vector written in component form is d2Q,(u) /d2Xj (u)
For convenience, we denote the first derivative vector as Q'(') (u) and the second derivative vector as QP(2) (u). Sij (l,v) .SOU 47 of first and second derivative vectors, but this can be seen by considering the definitions of these quantities. [1] [2] [3] [4] [5] Motivation for a Beta2-spline
In the general case of the Beta-spline, the unit tangent vector and curvature vectors are continuous across the joints in the spline. In Substituting the polynomial form chosen for the bi (f2;u)'s leads to a set of 15 constraints in the 16 unknown coefficients. This amounts to an underdetermined system of equations which can be made complete by introducing another, linearly independent, constraint. The constraint we choose is a normalization that is necessary (but not sufficient) for the curve segment to stay within the convex hull of the four vertices that define it. To endow the Beta2-spline technique with the convex hull property, the basis functions must sum to unity over the interval [0,1]; i.e., b -2(2;u) + b 12;u) + bo(2;u) + b (2;u) = 1 This is actually four constraints, one for each power of u. Three of the equations can be formed via linear combinations of the previous 15 equations; the remaining constraint is C-2,0(32) + C 1,0(2) + C0,0(32) + c1,0Q2)= 1
While it is possible to solve the above system of equations numerically for each value chosen for 132, it is also possible to solve the system algebraically using an algebraic manipulation system such as Vaxima. 7 The resulting solution can be written as a matrix C of the coefficients of the basis functions, 
Behavior of 132
In the limit of infinite 12, Barsky and curve) becomes a piecewise linear function that interpolates the interior vertices of the control polygon. This behavior of 02 suggests that it acts like a tension parameter, and thus I2 is called tension. Increasing the tension of a Beta2-spline corresponds to increasing the value of 12 (see Figure 4) . The v-spline8 is another example of a spline representation with tension. However, the v-spline differs from this work in that it interpolates (passes through) the control vertices but does not have the property of local control.
Increasing the tension applied to a Beta2-spline surface makes the surface more polygonal. In the limit of infinite tension, the surface can be shown to coincide with the interior panels of the control graph that defines it. This behavior is shown in Figure 5 .
Barsky and Beatty6 also show that a curve segment or surface patch is guaranteed to be within the convex hull of the vertices that define it for nonnegative values Of 132.
When 02 = 0, the spline has continuity of first and second derivative vectors; it is thus equivalent to a cubic uniform B-spline when 02 = 0. In other words, a Beta2-spline (or a Beta-spline) is a generalized form of a cubic uniform B-spline.
Recent work6'9"0 has investigated methods of changing the shape parameters in a localized portion of the curve or surface. However, we will not deal with these issues in this article. As #2 increases, the surface uniformly approaches the interior panels of the control graph.
In the limit of infinite #2, the surface actually coincides with the interior panels. 
Evaluation of the basis functions

Subdivision
General subdivision schema for curves. We have described an algorithm for the evaluation of a Beta2-spline curve based on the blended definition given in Equation 6 . This method of curve evaluation does have its problems when used to approximate the curve, however. If the evaluation algorithm is being used to obtain a piecewise linear approximation to the true curve, the step size for the domain parameter is hard to estimate to achieve a given spatial accuracy. Moreover, if the curve segment is highly curved in one region and relatively flat in another, the approximation will not be uniformly good.
The subdivision, or splitting, of a curve or surface has received considerable attention in recent years. [11] [12] [13] [14] [15] [16] For instance, Catmull'7 introduced an algorithm that subdivides a surface that is to be approximated. However, Catmull's technique subdivided the surface until the pieces were of a size on the order of a pixel. Lane and Carpenter 14 have improved the technique for splines that have the convex hull property. Very simply, their approach is as follows:
The sequence of vertices describing the segment in question is split into two sequences each containing the same number of vertices as the original. These new sequences describe the "left" portion and "right" portion of the original curve and are called the left subpolygon and right subpolygon (see Figure 6 ). Although it is common to split the curve at the parametric midpoint (the point where the domain parameter u = ½2), it is also possible to perform non-midpoint subdivision. [18] [19] [20] Midpoint subdivision is sufficient for our purposes, but it does not, in general, yield two pieces of equal arc length.
Goldman2l has recently shown that if the basis functions are linearly independent and sum to one, then recursive application of this subdivision procedure must result in successively flatter subpolygons. The convex hull property then guarantees that a relatively flat control polygon must define a relatively flat curve. Thus, the recursion stops when the subpolygon is deemed to be flat to within some tolerance e. The curve generated by the Approximate_Curve(VhR,6);
endif; end; The procedure Subdivide splits its first argument into left and right subpolygons, which are returned in the second and third arguments, respectively. The routine LinearlyApproximate generates a single line segment to approximate the curve defined by the control polygon given as its argument. One way to test a control polygon for flatness is to check the perpendicular distance of interior vertices from the line segment connecting the starting and ending vertices (see Figure 7) . If the largest such distance is less than the flatness criterion c, then the control polygon passes the flatness test and is approximated by a linear segment. If the spline technique being used interpolates the endpoints of the control polygon, then the curve segment generated by a control polygon within the flatness criterion can be approximated by the line connecting the endpoints. B6zier curves are an example of such a technique.
General schema for surfaces. The recursive subdivision algorithm for surfaces proceeds in much the same way as for curves. The primary difference is that each time the surface is to be split there are several ways the subdivision can be done. Should the surface be split along the u parametric direction, or the v parametric direction, or both? One way to answer this question is based on the shape of the control graph describing the surface. The surface should be subdivided along the parametric direction, or directions, in which the surface is highly curved. It is generally hard to determine if a surface is flat, but the convex hull property guarantees that a relatively flat graph must produce a relatively flat surface. Although it is not generally done in practice, a surface can be split in both directions by splitting along one direction, say the u direction, to obtain two subgraphs, followed by splitting the subgraphs along v. When a graph is deemed flat to within the given tolerance, the surface it defines can be approximated by one or more polygonal approximants. Let Figure 8) . A detailed study of flatness testing, along with a technique for eliminating "cracks" that plague subdivision algorithms, has been provided by Barsky, DeRose, and Dippe. 22 Subdivision of Beta2-spline curves. Earlier we presented the general scheme for the subdivision of spline curves that possess the convex hull property. Here we will develop a method based on subdivision that computes a piecewise linear approximation to a Beta2-spline curve. We focus attention on a single curve segment; multisegment curves can be handled on a segment-by-segment basis using the algorithms to be given. An and 'y is as defined in Equation 13 . The procedure that accomplishes the mapping is procedure Map-2-Curve-To-Bezier(V,02,W) Subdivision of Beta2-spline surfaces. Just as the algorithms for the subdivision of Beta2-spline curves dealt with a single curve segment, the algorithms to be presented next deal with a single surface patch. While it is possible to subdivide a Beta2-spline surface patch by performing the three steps listed earlier, a computationally more efficient approach is to convert the Beta2-spline control graph into an equivalent Bezier control graph; the Bezier control graph is then approximated to obtain a polygonal approximation to the original Beta2-spline surface patch. This is completely analogous to the approach just taken for curves.
We now develop the mathematics for the transformation of a Beta2-spline control graph into an equivalent Bezier control graph. Let iT1, T2, r3, T4, T5, r6, T7, T8;   local variable TII, T21, T12, T22, T2112, T221 Wo,I~= 77 *(V2,2 + VO,2) + r3* (V2,1 +2*V1,2 +Vo,1 Next we examine how the surface patch defined by a relatively flat control graph can be approximated by polygons. One way of approximating the surface patch would be to construct a quadrilateral connecting the corner points W0,0, W0,3, W3,0, and W33. However, since the points may not be coplanar, the resulting polygon may be nonplanar. The planarity can be remedied by using two triangles instead of one quadrilateral. Unfortunately, this solution can introduce visual asymmetries, since it treats the diagonals of the quadrilateral with unequal preference. 22 A better approach is to average the corner points of the surface to obtain a fifth point W,. The When 12 = 0, the Beta2-spline representation reduces to that of a uniform cubic B-spline. As 12 is increased from zero, the curve (or surface) uniformly approaches the control polygon (or control graph) that defines it. In the limit of infinite tension, a Beta2-spline curve becomes a piecewise linear spline that interpolates the interior vertices of the control polygon; a Beta2-spline surface becomes a piecewise bilinear spline. The Beta2-spline design process generally proceeds by first laying down vertices to "rough-out" the curve or surface. The designer then has the freedom to add new vertices, remove or move existing vertices, or change the value of 2 until a curve or surface with the desired properties is obtained.
To aid the implementer of the Beta2-spline technique, detailed algorithms for the evaluation of the Beta2-spline basis functions and the approximation of Beta2-spline curves and surfaces via subdivision were presented. The subdivision algorithm approximates a Beta2-spline by transforming it into an equivalent Bezier curve or surface, then approximates the Bezier spline using recursive subdivision. A Beta2-spline object approximated using this algorithm and rendered on a high-resolution raster display system is shown in Figure 9 
